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1.  Introduction 


Lei 


*U«  *1,  « 


be  ,twc 


random  eanplee  (5.  and  S ) from  populations  liaving  p.c!  f.'.  f(xj  t-,  9,) 

«2  A 

and  f(xi  A2»  9^)  mpectively,  ahare 

<i)  f(r»A,0)  • ^ e*p  f-(x-A)/0j. 


Let  S_  and  be  the  sets  of  the  first  r and  r anallest  observations  of 


and  S re  pectively.  Then  the  p.d.f.’a  of  S_  and  S are  given,  say,  by 
\ "2  1 2 


where 


"V 

(2)  g(x.  jX. , . . . ,x  s A, 9)  ■ ““  exp 

^ (n-r)l  9^ 


i-1 


(Zjj^-A)  + (n-r)(x^-A) 


I 


The  liksllhood  ratio  taste  based  on  the  complete  sets,  S.  and  S_  aro 

\ 2 

special  cases  of  those  obtained  by  Sukhatne  [2,3].  It  can  be  shown  that 
similar  likelihood  ratio  tests  baaed  on  and  may  be  obtained  by 
following  Sukhatme’s  procedure  [2].  In  this  report  these  likel.lhooa  ratio 
tests  aie  reduced  to  equivalent  testa  w.XLCh  are  oaqjreesed  in  lanaB  ->f  tbs 
wv>ll-icnov.n  C-'d-square  and  l^nodocor's  F il  3triDuti.ona . ^urthornora,  sane  of 
thf;  i/c!'3t3  olr-'.iiined  in  this  naport  can  be  cxtar.doii  to  sar.ple  testa. 


-i- 
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pf. :'C«ntag«  points  for  tii©  ~K^  aid  ” distributions  are  tabled, 
lasts  involving  these  random  varisbles  are  useful  in  applies  Li ot..-.  V«e  remark 
that  the  likelihood  ratio  tes+  for  the  hypothesis  (ses  Section  3)  has  been 
obtained  by  Paulson  (!]. 


2 o Preliminary  lagaas. 

?ie  give  several  lamras  which  were  used  to  ob^/ain  the  diatributior.a  of 
the  reduced  statistica.  Lemmas  1-3  can  be  proved  by  the  use  of  cliaracteristic 
functions  and  their  proofs  are  omitted.  Proofs  of  lemmas  Ii-3  are  given. 

In  lasiinas  1.2  and  3 below,  we  let  be  a 

random  sample  from  a population  having  p.d.f.  (1)  and  wo  define  statistics  n, 
V,  and  h as. 


(3) 

ih) 

(5) 


z 

^ “ e 


> (x.  - A)  ♦ (n  - r)(x  - A) 


i-1 

r 


^ (x  - X, ) -^  (n  - i . ,:c  ' .r  ; 

i.l  t J-  r 1 


. 2n  . . , 

h - -g-  (x^  - i0» 


* -7 

Lemaa  1.  u :*r,  distributed  as  ^*'(2r). 

Lemma  2.  v is  distributed  as  l^(2r-2), 

2 ^2 

Let?ana  3.  v and  h are  indeperdeutly  distributed  as  X (2r  -2'j  and  (2) 
respectively. 

Lesn-uas  u-J  deal  with  tiie  case  of  tro  samples..  Hie  iftalictics  and 

Uo»  ■'^2  defined  as  in  (3<  and  (u).  Threo  additional  variables  n^,  w^,  aiii 
w are  defined  In  16:,  ( . >- 


'll 


‘21 
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for  x«,  ^ X 
-L  IX 


w - w,,  irtien  *^>*21  ^ * ^2'  **  ^21 


-4 

Laoua*  4.  If  ■ A^, 


r / ^ s 2^^®2 

-•TvX  > *2.  ) - — 7- 

^ °l/®X  n2/02 


V®1 


1y(x  > X,,)  • — -= — = 

21  11  "2'^®2 


'roof : 


:ii2 

•1  °a 


- {.  -A ' 

01  1' 


- 5;  <==21-*1> 


ni/©! 


Hence ^ 


'••'‘n  > *n' 


V«i 


- 1 - Pr(x.  > X.  ) *‘  — ; ~— 

11  1.^/0^  ^ n^ye^ 


Lemiiia  $,  If  then  both  (given  that  *2 

> Xjj^)  are  distributed  as 


Proof.  Since  h * be  written 


1 <-  i 


r. 


«i  I 


^^21  " ^2 


-] 


Conisijuentljr, 


X,,  - A,  • r-“  w,  + (x„,  - K^)i 

^LX  T,  ^ 


^ ^11  ” \ * ^1  ” ■*?  " ^2*  condition  that  is 

equlvalsnt  to  > y„»  Since  the  joint  distribution  of  y and  y^  is^  sajr 


'i  ■'z 


(11) 


”1  "2 

1 . 'i:;]?  «i  ■ ^2  ^2 


s y^,  y,;  > Oj 


have 


(12) 


Pr(w  4 w,  y > y ^ 
Pr(w^^  w|y^  > y^)  * 


Pr(y^  > yj) 


According  tc  lerona  it 


Va 


Pr(y  > y^)  “ Pr(x.  > x ) = 

1 2 11  21  n^  / 9 >'  n„/ 


-"0., 


4.  i 


Further,  it  is  readily  verified  that 


(13) 


"2-2 


Fr(w  4 fl,  y > y^)  • — — 1 1 

1 12  ry  0^  + n^/e^  L 


-w/2 


Thor&foTw.. 


.la  - 


1 

FriTT^  4 wjy^  7 y^)  - i 


_ 

'~Vt/ c 


u 


But;  by  \i:) 


i-  ^ 

‘■'■'’i  ^ 'lo'  *u  ^ '■'  ’‘2i'  * ■ *’  " 


and  by  larana  ?,  iV\'V^  "lO^  ****  ^ *^20^  cumilativa  'X  -distri 

butibna  islth  (2r^  - 2)  and  (2r^  - 2)  d.f.'s.  Thus  lenroa  V is  provaii, 

T..eimna  6»  If  ^2  ^2  ^ independently  distributod  as 

^^(2r^  - 2),  "X^'.2r^  - 2)  and  reBpr.r.tivaly^ 


Proof-  Since 


Pr(V,  ^ V , V 5 V , w -‘t  w ^ 

1 10'  2 20'  0 

' '‘■'S  ^ ''io>  ^ V " *u  ’ -'^l' 


' ^ ho’  'h  ^ ‘'2C>  ' ^ ’o'  ‘ "aP 


then  by  (17)  lemma  8 follows. 


3 . Likelihood  ratio  test-s  and  equivalent  reduced  bests. 

The  various  hypotheses  and  their  associated  likelihood  ratio  and 
equivalent  red’iced  tosts  are  listed  below.  The  details  involved  in  obtaining 
the  liiteLihoo-  ratio  »/lU  not  be  given  here,  since  Uiey  are  well  known, 

A , dtaleiiitir-i  of  hypotheaea  s 

a)  i!j^:  To  test  0^  » 0^ 

(assuming  and  A2  are  knoYm)- 


b)  K,,:  To  test  0^  - 


(assuminij  »<  A,,), 


c)  \ • f*-‘  T'Bh  t 0,  ” C*« . 

3 At 


ii,  ; i>.«  b«eT.  » ^i.- 

Li  it 


,i23ur.in~  9,  and  y .■>re  knov-n;.. 


I 
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f*)  To  test  K.  • 

p j.  2 

(a56uslng  0,  - 9^). 

^ ** 

f)  Tc.  'M»3t  - Aj. 

g)  K^;  To  test  and  0^ 


B . lAkellhrod  ratio  testa 

li)  a),  b)  and  c'»  below  we  let 


K • I 
i 


\ **1  / 


a)  For  H 


^ - K (l  ♦ c ) ^ (l  J*-  ) *■ 

1 X c-i 


TPrt’.ere 


.1*-^ 


“ '*aj  ■ "'a)  * ‘"a  ' ‘ 


%-V 


b)  For  H^} 


^ t 

K (1  ■•  c ) -^  (1  ♦ -*•  ) '- 

[2  '2  J 


if  X, , < 


=^1 


=21 


- (1  - O.;  ^ 

P 5 

- (1  ♦ cj)  ^ ^ 


^1  ^ "21 
"*  "ll  ^ "21 


where 


s 'te '%  - ==u) 


'\)  - ' <"i  ’ ■'iX'irj  - 


7 

c = 

^ 2 1 r, 


r,  (x  - X ) 

■?'  01  n 


^ ^ ‘*1J  ■ *l2  * ‘"l  ■ - *il> 


f)  For  H, 


(JO) 

-I 

/ ■*  (1  + c ) 

6 o 

If 

..  i.“**2 

"u  '^'  ■’■^i 

ivhare 


I 


-iO- 


) 


LL  21' 


6 r. 


* (n,  - ~ Xt  * 

J.X  1,  X 


(31) 


6 r. 


51  “ *o,)  (n  . - r„'(x  . ^ 

j«2  2j  21  i c 2rp  <il 


g)  Kor  h^: 


m 


1-1  V ' 


where 


'o. 


= >_  (x_  - ^ (n^  - r.)(x.^  - 


1-  r 


i J“1 


IJ  ii 


1 X 


A 

9 


r -f  r 
1 2 


2 

n 

1-1 


zr  (X 

j-i 


1:1 


^ ) ■>  (ri. 

1 


ard  whero  /*v  ■ ir  Ln  (x,  . x ), 

11  21 


C . ..educed  Testa 

By  the  use  of  the  lonmas  In  eection  2,  can  bo 

reduced  to  the  following  equivalent  t.n«ts  liaving  the  corr«JC ponding  distributions 
1 3ce  Table  I;,  The  authors  have  not  succeeded  in  reducing  A.^  tc  a kncm  test  ^ 


In  Table  1 nuaibars  in  the  "cfitlcal  regions’'  colunai  indicate  that  the 

reduced  tests  'Obtained  may  bo  either  one-sided  nr  two-siuad.  For  oxanple; 

oonflider  the  case  xhe’^  r ■■  ■ 10  and  a • .C?.  Then  for  th®  TarrJouo  ^ 

X 

i * l,2,.J,ii,5,6  have  the  foUcwing  t,rltical  regions  fdilch  are 
eunmarized  for  convenience  in  Table  2. 

TABLE  2 

Critical  hegions 


I 

i 

I 


nefaranoss ; 
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Edward  i-’auleon,  '*Cn  certain  liKelihno  rati*-,  tsets 
ffith  the  f?rponential  dlatribntion"  j Aiinals  of  ^ : J-. 
301.  i^ul. 


! 


2,  i‘.  V.  Sukh.atoe,  "On  tao  analysis  oj  ;c  saiipioe  fron  erpoi-iantial 

populations  with  oapecial  refHrc  nce  to  t>  «■  pmoletp  of  laiidom 
inter-mis' , otat  Ras  Men-  9ii,  l?j6. 


P.  . oukhaLi'w,  'Tents  of  si gnifi canes 
-'popuirtt.ion  with  c,wo  of 


for  sar.piec  of  tlie 
...O':..  A'ln.. 


4 A 


1,0  nd.  d 


f\^  c. 
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